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1 Introduction
Tachyon condensation on D-branes has been studied extensively. It is conjectured for bosonic
D-branes that the minimum of the tachyon potential represents closed string vacuum [1], and
tachyon lump solutions represent lower dimensional branes [1, 2].
String eld theories are powerful tools for checking these conjectures. In many cases one
of the following two types of string eld theories has been used : cubic string eld theory
(CSFT) [3] and boundary string eld theory (BSFT) [4]. By level truncation approximation
in CSFT we can calculate numerically the value of the potential at the minimum [5, 6],
construct tachyon lump solutions [7], and conrm the absence of physical excitation on the
vacuum [8]. Furthermore, the form of the action around the closed string vacuum (vacuum
SFT) is conjectured in [9] and its properties are investigated in [10, 11]. On the other hand,
by using BSFT we can get the exact tachyon potential and lump solutions [12]. (For related
works and the case of superstring see [13, 14, 15]. For a review see [16].) At present the
relation between these two string eld theories is unclear. Therefore it is worth investigating
the tachyon condensation by both of them. In this paper we use CSFT and level truncation
approximation.
In CSFT it is proven that the tachyon potential can be determined irrelevantly to the
choice of closed string background [17]. The crucial point for the proof of this fact is that
we can drop all the elds except the unit operator and its descendants. However, for lump
solutions we must give nonzero vev to nontrivial primary operators and their descendants,
and therefore the results depend on the choice of closed string background. The solutions
constructed in [7] are those on flat background.
For further understanding of tachyon condensation, it is desirable to consider lump solu-
tions on curved backgrounds. In this paper we give such an example: lump solutions on SU(2)
group manifold. SU(2) group manifold is an example of curved background on which the
worldsheet CFT is known exactly i.e. WZW model. This manifold is also known as the exam-
ple which has the noncommutative structure [18, 19]. The analyses of tachyon condensation
by the worldsheet CFT and the eective action is given in [20]
D-branes which extend to two dimensions in SU(2) (we call them D2-branes) can be re-
garded as bound states of D-branes which sit at a point in SU(2) (we call them D0-branes)
[21, 19], and D0-branes are conjectured to be able to vanish into the vacuum by tachyon
condensation. Therefore one can imagine the process that some of the D0-branes forming the
1
D2-brane vanish and the other D0-branes remain. Hence it is natural to conjecture that there
exist lump solutions on D2-branes which represent some D0-branes.
We construct such lump solutions in CSFT in level [1,3], [2,6] and [5/2,5] approxima-
tion, where [N ,M ] means that we consider only the elds with the level (i.e. conformal
dimension+1) < N and retain only the terms with the sum of the levels < M . (On the other
hand the notation (N ,M) used in many literature means only the elds with the level  N
and only the terms with the sum of the levels  M .) We consider the case where the D2-brane
is the bound state of 2 and 3 D0-branes.
This paper is organized as follows. In section 2, we summarize the properties of D-branes
on SU(2) group manifold and the cubic string eld theory on it, and explain how to calculate
the terms in the action of CSFT. In section 3, we construct lump solutions and compute their
energy. Section 4 contains conclusions and discussions.
In the following α0 is taken to be 1.
2 D-branes and cubic string field theory on SU(2) group
manifolds
In this section we summarize the known results about D-branes of bosonic string theory on
SU(2) group manifolds and x the notations. Then we explain how to calculate the terms in
the action of cubic string eld theory on these manifolds.
2.1 The worldsheet CFT
SU(2) group manifold (’ S3) can be, for example, parametrized as follows.
g =
(
x4 − ix2 −x1 − ix3
x1 − ix3 x4 + ix2,
)
2 SU(2), (1)
x1 = sinψ sin θ cos φ,
x2 = sinψ sin θ sin φ,
x3 = sinψ cos θ,
x4 = cosψ, (2)
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worldsheet CFT on SU(2) group manifold, i.e. SU(2) WZW model, has the left moving current










(fabc = abc for SU(2)) The radius k becomes the level of the SU(2) current algebra. Therefore
k is quantized to be positive integer valued. The central charge of this CFT is 3k
k+2
. Ja0 form
ordinary SU(2) algebra and primary elds belong to the representations of this algebra. We
denote the primary eld in spin j representation by mj . Then,
Ja0
∣∣∣mj 〉 = ∣∣∣m0j 〉 (T a(j)) mm0 , Jan>0 ∣∣∣mj 〉 = 0, (4)
where (T a(j))
m
m0 is the spin j representation matrix. The conformal dimension of 
m
j is hj 
j(j+1)
k+2
. We take the diagonal modular invariant as the closed string 1-loop partition function.
When we consider open strings we must impose some boundary condition which relates
Ja(z) to Ja(z). Henceforth we consider the following condition.
Ja(z) = Ja(z) on the boundary, (5)
where z is a coordinate of the upper half plane and we take the real axis as the boundary.













(2J + 1)(2j + 1)pi
k + 2
. (7)
J takes the values 0, 1
2
, 1,    , k
2
. The worldvolume of the boundary state labelled by J is
ψ = const. = (2J+1)
k+2
, which is an S2 parametrized by θ and φ [22, 25]. If J = 0 or k
2
,the
S2 shrinks to a point (at k ! 1). Thus jJi with J = 0, k
2
represent D0-branes and others
are D2-branes. The D2-brane with boundary state jJi can be regarded as the bound state of
(2J + 1) D0-branes [21, 19].
The spectrum of primary elds on the brane with boundary state jJi is
mj , j = 0, 1, 2,    ,min(2J, k − 2J). (8)
3
Note that j takes only integers. Their OPE is known as follows [26, 18].
m1j1 (x)
m1
j1 (y) = (x−y)hj3−hj1−hj2 hj1, m1, j2, m2jj1, j2, j3, m3i cj3j1j2(k, J)m3j3 (y)+(descendants),
(9)
where hj1, m1, j2, m2jj1, j2, j3, m3i is the Clebsch-Gordan coecient, and cj3j1j2(k, J) is written
by quantum 6-j symbol and given in the appendix A. Three point correlation functions are
〈
m1j1














(2j3 + 1)[2j3 + 1]
hj1, m1, j2, m2jj1, j2, j3,−m3i cj3j1j2(k, J). (11)

























2.2 Cubic string field theory on SU(2)
Next we explain the cubic string eld theory and how to calculate the terms in the action.
We will consider the following background.
X  Y M SU(2), (14)
where X is the time direction which is taken to be flat, and Y is a spatial direction, which is
also taken to be flat, and the boundary condition for open strings along this direction is taken
to be Dirichlet. M is an arbitrary background with the central charge 24− 3k
k+2
, appropriate
for cancelling the total central charge. We denote the Virasoro operator of the matter part of
X  Y M SU(2) and X  Y M by L(m)n and L0n respectively, and the central charge of
X  Y M by c0 = 26− 3k
k+2
The action for string eld Ψ on general CFT background is constructed in [27]:








































+(n+ 2m)(b−nc−mcm+n + c−m−ncmbn)
]
. (16)




We can calculate M by computing the cylinder amplitude and factorizing the contribution
of gravitons, or computing the disk partition function [19, 21]. The mass MJ of the brane
represented by the boundary state jJi is








The proportionality coecient is determined from the information of M. We do not have to
know it for our purpose.
The string eld Ψ can be expanded by primary operators and their descendants. We do
not have to consider all of them for seeking lump solutions on D-branes which depends only
on the SU(2) directions. The components which we have to consider are those made by acting
with the oscillators
fJa−1, Ja−2,    ;L0−2, L0−3,    ; c0, c−1    ; , b−1, b−2,   g (19)
on jj,mi, where jj,mi = mj (0)c1 j0i and j0i is the SL(2,R) invariant vacuum. It can be
easily shown that the set of the other components do not have linear terms in the action and
therefore their equations of motion are satised if they vanish. Hence they can be taken to be
zero from beginning. Then Ψ can be expanded as follows.
Ψ = jj,mi tjm
+Ja−1 jj,mi uajm
+Ja−2 jj,mi vajm + Ja−1J b−1 jj,mi vabjm + b−1c−1 jj,mi βajm + L0−2 jj,miwjm





+Ja−1b−1 jj,mi u˜ajm + b−2 jj,mi u˜jm
+   
]
, (20)
Here the repeated indices are summed over. The terms containing c0 are removed if we take
the Siegel gauge b0 = 0. jj,mi and its descendants correspond to the spherical harmonic Y mj
[19, 25]. Since (Y mj )
 = (−1)mY −mj , we impose the following reality conditions.
(tjm)
 = (−1)mtj−m, (uajm ) = (−1)muaj−m, (vabjm ) = (−1)mvabj−m,
(βjm)
 = (−1)mβj−m, (wjm) = (−1)mwj−m, (u˜ajm ) = (−1)mu˜aj−m,
(vajm )
 = −(−1)mvaj−m, (t˜jm) = −(−1)mt˜j−m, (u˜jm) = −(−1)mu˜j−m, etc. (21)




m because their BPZ conjugations are equal
to minus the hermitian conjugations.
We can reduce the number of components further. The components with the eigenvalues
of J30 6= 0 has no linear terms because of global SU(2) symmetry generated by Ja0 . Therefore
we can satisfy the equations of motion by putting them to be zero. We consider only the

















0a h1, m0, j,mj1jj00iujj0,
vajm = η
j+j0Um
0a h1, m0, j,mj1jj00i vjj0,
u˜ajm = η
j+j0+1Um
0a h1, m0, j,mj1jj00i u˜jj0,
vabjm = η
j+j00Um3b h1, m3, j0, m2j1j0j000iUm1a h1, m1, j,mj1jj0m2i vjj0j00, (22)
where ηj = 1 (for j = even), i (for j = odd) and Uma is the following matrix which convert















The reality condition for these components are determined from (21). All of them are real.
i.e.

















Now let us explain the calculation of the quadratic terms in the action. First, we get














(2j + 1) [2j + 1]
δj;j0δm;−m0 . (25)
The BPZ conjugation of Ja1−n1J
a2−n2   
∣∣∣mj 〉 is 〈mj ∣∣∣    [(−1)n2+1Ja2n2 ][(−1)n1+1Ja1n1 ]. Using this
and the commutation relation (3), 2-point functions of descendants can be reduced to those
of primaries.
























: c(z)T (gh)(z) : does not change descendant level and hφ1jφ2i is nonzero only when
φ1 and φ2 have the same descendant level, the second term of (26) is nonzero only when Ψ1





















This is nonzero only when Ψ1 and Ψ2 have the same total descendant level. Thus we can
reduce the number of terms needed to calculate. Remaining terms can be calculated by using
commutation relations of L(m)n , J
a
n , cn and bn.
(26) becomes particularly simple when jG1i and jG2i do not contain c0 i.e. Ψ1 and Ψ2
satisfy the Siegel gauge condition:
hΨ1, QBΨ2i = h hφ1jφ2i hG1jG2i , (28)
where h is the dimension of Ψ1.
Next we explain how to calculate the cubic terms in the action. We adopt the method
given in [28]. Let K be an operator and v(z) a function which transforms as f  K(z) =
(f 0(z))hK(f(z))+ g(f(z), z) and f  v(z) = (f 0(z))1−hv(f(z)) under the conformal transforma-
tion f . One can think of K as T , j(ghost number current), b, c, Ja(WZW current) and so on.
7
g(f(z), z) represents anomaly in the case of K = T or j. We take g(f(z), z) to be zero if K is
Grassmann odd, and assume v(z) to be regular at innity. Then the conservation law for K











g(I(z˜), z˜)I  v(z˜)
)

















g(I(z˜), z˜)I  v(z˜)
]
f1  1(0)f2  2(0)f3  3(0)
〉
. (29)











fi  K(zi) =
∑
n
K(i)n z−n−hi , (31)
















A(fi, v) + A(I, v). (34)
We take v(z) = z−l(z2 − 3)k [28]. By using f2(z2) = −f2(−z2) and f3(z3) = −f1(−z1)jz1=z3 ,
we can derive v
(2)
l+h+2n = 0, v
(3)
−k+h+n = (−1)k+l+n+1v(1)−k+h+n (n 2 Z), and from the explicit
form of v(z) the Laurent expansions of f1 v(z1), f2 v(z2) and f3 v(z3) start from zk1 , z−l2 and
zk3 respectively. We suppose A(v) = 0 if l + h = even. This is satised in the case of K = T
or j. Then we can use the relation











−k+h−1−m(K(1)k−h+1+m + (−1)k+l−mK(3)k−h+1+m)], (35)
in the 3-point function, where δl+h;odd = 1(for l+ h odd),= 0(for l+ h even or noninteger). If
we take l  (>)1− h and k > ()h− 1, mode numbers of K which appear in the right hand
8
side of (35) are greater than that of the left hand side. Hence by using (35) iteratively, 3-point



































hΨ1,Ψ2,Ψ3i has the cyclic symmetry: hΨ1,Ψ2,Ψ3i = (−1)γ3(γ1+γ2) hΨ3,Ψ1,Ψ2i, where
(−1)γi is the Grassmann parity of Ψi. In addition to this, there is the following relation: if
φi have Grassmann parity (−1)gi and are level Ni descendants of the primary operators i with
Grasmann parity (−1)Gi, and satisfy the relation h1,2,3i = (−1)N123+G1G2+G2G3+G3G1 h3,2,1i,
then
hφ1, φ2, φ3i = (−1)N123+N1+N2+N3+g1g2+g2g3+g3g1 hφ3, φ2, φ1i . (37)
We can regard this relation as the result of worldsheet parity symmetry, and this can also
be proven directly as follows by applying the above procedure. We use the induction on the
descendant level of φ1;2;3:








+(−1)gKg1v(1)−k+h−1−m hKk−h+1+mφ1, φ2, φ3i
+(−1)k−h+1+n+m+gKg2v(1)−k+h−1−m hφ1, φ2,Kk−h+1+mφ3i
]























+(−1)gKg3v(1)−k+h−1−m hKk−h+1+mφ3, φ2, φ1i
+(−1)gKg2−k+h−1−n−mv(1)−k+h−1−m hφ3, φ2,Kk−h+1+mφ1i
]]
= −v(2)n (−1)N123+N1+(N2+n)+N3+g1(g2+gK)+(g2+gK)g3+g3g1 hφ3,K−nφ2, φ1i . (38)
Here we used the assumption of the induction andA(v) = 0 when gK(Grasmann parity of K) =
1. In addition, by using the cyclic symmetry,
hφ1, φ2,K−nφ3i = (−1)N123+N1+N2+(N3+n)+g1g2+g2(g3+gK)+(g3+gK)g1 hK−nφ3, φ2, φ1i , (39)
hK−nφ1, φ2, φ3i = (−1)N123+(N1+n)+N2+N3+(g1+gK)g2+g2g3+g3(g1+gK) hφ3, φ2,K−nφ1i . (40)
Hence we conclude that (37) is valid by induction. We can use (37) and the cyclic symmetry
to reduce the number of terms in the action necessary for our calculation. In the SU(2) case,
N123 = j1 + j2 + j3 for i = 
mi
ji , as can be seen from (13).












by using the eq.(4.18) of [28] for
WZW current Ja: J
(2)a












































































































































































































































































































hj1 ,j2,j3i [T a3 T b1 − T a2 T b1 + T a2 T b3 − T a3 T b3 + ifabc(T c2 − T c3 − 4T c1 ) + 4kδab]. (41)
In the last line we suppressed the indices m and denote T a(ji) by T
a
i . At rst sight this result
does not satisfy the relation (37). However we can rewrite it to an explicitly symmetric form













hj1 ,j2,j3i [2T a1 T b1+2T b2T a2 +4T b1T a2 +T b2T a1 +2ifabc(T c1−T c2 )−4kδab].
(42)
We collect the results of the calculation of cubic terms in appendix B and the terms in the
action necessary for our calculation are in appendix C.
3 Lump Solutions
In this section we construct lump solutions and compare their energies with the expected
values. We denote by [N ,M ] the truncation that we consider only elds with the level (i.e.
conformal dimension+1) < N and retain only the terms with the sum of the levels < M .
The D2-brane corresponding to the boundary state jJi can be regarded as the bound
state of (2J + 1) D0-branes [21, 19], and D0-branes are conjectured to be able to vanish into
the vacuum by tachyon condensation. Therefore one can imagine the process that some of
the D0-branes forming the D2-brane vanish and the other D0-branes remain. Hence it is
natural to conjecture that there exist lump solutions on D2-branes which represent n D0-
branes (n < 2J + 1). The energy V (T ) of a classical conguration T is minus the action:
V (T ) = −S(T ) = 1
g2o
(−g2oS(T )) = 2pi2MJ(−g2oS(T ))
 MJf(T ). (43)
For the solution Tvac corresponding to the vacuum, it is conjectured that f(Tvac) = −1. It can
be expected that there exist the solutions Tn representing n D0-branes (in this sense Tvac = T0)
and the dierence between V (Tn) and V (Tvac) is equal to nM0:
V (Tn) = V (Tvac) + nM0
= MJ
(





















We denote f and Tn calculated in level [N ,M ] truncation by f [N;M ] and T [N;M ]n , and dene
R[N;M ]n as follows.
R[N;M ]n 
f [N;M ](T [N;M ]n )
f(Tn) . (46)
R[N;M ]n is a function of k. We will calculate R
[N;M ]
n at various values of k and see to what extent
it is close to 1.
Note that the conguration given by SU(2) transformation (generated by Ja0 ) of a solution
is also a solution. For lump solutions, these degrees of freedom correspond to the positions of
D0-branes.
We will consider the cases with small J . If J = 0 (i.e. D0-brane) there are no nontrivial
primary operators and it is impossible to construct lump solution.
Then we will consider the following two cases.
 J = 1/2, k  2
 J = 1, k  4
In the rst case, primary operators on the D2-brane are 00 and 
m
1 . (If k = 1 only 
0
0
appears.) Their dimensions are h0 = 0, h1 =
2
k+2
. This case corresponds to the bound state
of 2 D0-branes and we expect the existence of the solution T1.




2 . (If k  3 some of them do




This case corresponds to the bound state of 3 D0-branes and we expect the existence of the
solutions T1 and T2.
We calculate the action in level [1,3], [2,6] and [5/2,5]. The actual calculation is done by
symbolic manipulation program Mathematica.
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3.1 level [1,3], k !1, J =fixed







(2j + 1)[2j + 1]













First, let us consider the case where k !1 and J = xed. In this case it has been shown [18]
that the structure of fuzzy spheres appears as follows. The spectrum of primary operator is
mj , j = 0, 1,   2J and the number of degrees of freedom of tjm is 1+ 3+   +(2  2J +1) =











2j + 1 hJ,m2, J,−m1jJ, J, j,−mi . (49)















































Note that the form appearing in the trace is the same as the tachyon potential in level (0,0).
Solutions of the equation of motion −t + K3t2 = 0 for this action can be constructed by
introducing projection operators as in [30]:
t = λP, P 2 = P, trP = (2J + 1)− n, (52)
and λ is the nontrivial solution of −λ+K3λ2 = 0 i.e. λ = K−3. P 2 = P and trP = 2J +1−n
means that if we diagonalize P then 2J + 1− n eigenvalues are 1 and n eigenvalues are 0 and
therefore we can interpret this solution as T [1;3]n . The energy of this solution is


















K−6(2J + 1− n). (53)




In the following we look for the sequences of solutions R[1;3]n of which at k !1 is 0.684616.
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3.2 level [1,3], J = 1/2


















We can easily solve the equations of motion and we nd two solutions. One solution cor-
responds to the closed string vacuum, in which the components corresponding to nontrivial

















which is correspond to T [1;3]1 .

















1 is shown in g.1. The value for k !1 is 0.684616, which agrees with the value expected
above. The minimum is 0.554151 at k = 3.




(−1)jtjmY mj (θ) is
not dependent on φ, and its prole is shown in g.2. Here we choose t10 positive. (The factor√
4
(2j+1)1/2[2j+1]1/2





which is obtained by comparing
∫









, and referring to (48).) It seems that this solution is not well localized.
But this is not a problem since the radius of S2 on which the D2-brane is wrapped is p
k sin 2J
k
and this has the maximum 2
p
J at k = 8J . This is suciently small for small J .
Therefore the worldvolume of the D2-brane itself is very small. At any rate we cannot construct
well localized conguration by using only Y 00 =
1
4
, Y 01 =
3
4
cos θ and Y 11 =  38 sin θei.
If we choose the sign of t10 negative, the prole is given by T (pi−θ). These two congurations
seem to represent D0-branes at θ = 0 and pi.
3.3 level [1,3], J = 1


































, k  2)






Figure 2: T (θ) (level [1,3], J = 1
2



































If k = 4, t2 must be put zero since the dimension of m2 is 1. In the case with k 6= 4, we can
reduce the equations of motion to quadratic equations, and for k  6 we can nd essentially
two solutions which have R
[1;3]
1 ’ 0.684616 and R[1;3]2 ’ 0.684616 at 1 respectively. The case
with k = 4 and 5 is somewhat special. we nd only one nontrivial solution, which seems to
be correspond to T [1;3]1 (R[1;3]1 = 0.475766 for k = 4 and R[1;3]1 = 0.641119 for k = 5). We do
not nd any solution corresponding to T [1;3]2 .
R
[1;3]




(−1)jtjmY mj (θ) are shown in g. 3,4,5,6.




2 is 0.623983 at k = 7 and 0.409721 at k = 6 respectively.
3.4 level [2,6]
In this case, we can put Ψ = jj,mi tjm + Ja−1 jj,mi uajm + c0b−1 jj,mi t˜jm. The action is too long
and it is not illuminating to write it here. Therefore we describe only its salient features.
t˜jm can be taken to be zero in the Siegel gauge. However their equations of motion may
give nontrivial constraints [14]. The linear term in t˜jm in the action is
(−1)m√












m0  ujj = 0 as can be seen from the results
below. Therefore we can put t˜j0 = 0 to satisfy their equations of motion and can adopt Siegel
gauge condition for looking for lump solutions.
In this case we cannot expect any improvement at k ! 1 comparing with the results of




















































1 (J = 1, k  4)








2 (J = 1, k  6)






Figure 5: T (θ) (level [1,3], J = 1, T1) k = 100000000 (solid line), k = 10 (dashed line),
k = 4 (dot-dashed line)





Figure 6: T (θ) (level [1,3], J = 1, T2) k = 100000000 (solid line), k = 10 (dashed line),
k = 6 (dot-dashed line)
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(There is also cubic terms uajm which have coecients proportional to k. This kind of term
is generated by the second term of commutation relation (3)). To let the contribution of
this term be nite, we rescale uajm to
1p
k
uajm . Then the contribution of the linear term in u
aj
m
vanishes. Hence we can get the solution by putting uajm zero, and its energy is the same as
that of level [0,0].
We give the values obtained in level [1,3] analysis to tjm as the initial values and perform
the numerical analysis. The results are summarized in the table 1,2 and 3 of Appendix D.
In these tables the rescaling of uajm explained above are explicitly expressed by
p
k i.e. uajm in
these tables are unrescaled ones.
At large k the value of R is not improved at all, as is expected above. At small k there
seems to be small improvement. In the case of k = 4 and 5, we do not nd any solution
corresponding to T [1;3]2 . Here we can nd a solution corresponding to T [2;6]2 for k = 5.
3.5 level [5/2,5]
We do not write the full expression of the action because it is not illuminating.
Similarly to the case of level [1,3], we can estimate the value of R at k ! 1. We rescale
























Then we collect the terms which are nite in the limit k ! 1 and they can be represented
by matrices as has been explained in the previous section. The remaining terms are in fact
obtained by considering only the second terms of the commutation relation (3), which is in
the same form as that of flat CFT oscillators. Therefore if we put all the components of the
string eld proportional to a projection operators P , the action is equal to 1
2J+1
V trP , where
V is the tachyon potential in level (2,4). V is given in [5] (in the Siegel gauge) and for the
vacuum solution it is 0.948553 times the tension of D-brane. Hence we get the lump solutions
with R[5=2;5] =0.948553.
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We look for the sequences of solutions with R[2;5=2]n = 0.948553 at k ! 1. We take the
Siegel gauge to look for the solutions. The results are shown in table 4,5 and 6 of Appendix
D. We have checked that the matrices (48) become projections at k !1 for these solutions.
The proles of the solutions are almost the same as those of level [1,3]. Therefore we do not
show them.
Now we must check the validity of the Siegel gauge condition [14]. i.e. the equations of
motion of t˜j , u˜j and u˜jj
0
. We need only the terms linear in t˜j, u˜j and u˜jj
0
. See appendix C.
Then the equations of motion have linear and quadratic terms in the other components. We
see whether the equations of motion for t˜j , u˜j and u˜jj
0
are satised when we put the numerical
solutions of table. The result is shown in table 7,8 and 9 of Appendix D. For the equations of
motion of t˜j and u˜j linear terms and quadratic terms cancel each other and the ratios of their
sums and the linear terms are around 0.2. For the equations of motion of u˜jj
0
there seems to
be no signicant cancellation, but the numerical values themselves are in the same order as
those of t˜j and u˜j, or smaller than them. Indeed there are no linear terms in u˜jj
0
at k !1 as
can be seen by the argument similar to that in the previous section . Therefore each of linear
and quadratic terms is small in this limit and they do not have to cancel each other. It seems
that these results support the validity of the Siegel gauge condition.
3.6 k !1, J = fixed
We saw in the previous discussion that in the case of J =xed and k ! 1, the components
of the string eld form (2J + 1) (2J + 1) matrices and the solutions can be constructed by
introducing projection operators. The accuracy of the mass of these solution is the same as
that of the closed string vacuum. This is true for arbitrary levels. Indeed, the commutation
relation is in the same form as that of the flat CFT oscillators in the limit k ! 1, and
c0 ! 23. (The size of representation matrices of SU(2) do not get large as k ! 1 since J is
xed.) Therefore the computation of the coecients of each terms in the action is completely
the same as that of the tachyon potential on the flat CFT. The OPE of primary elds yields
the structure of matrix product. As a result the action is equal to the tachyon potential with
the components of string eld replaced by (2J + 1) (2J + 1) matrices. This situation is the
same as in the case where constant B-eld is present on the flat space [30, 31].
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4 Summary and discussions
We have constructed lump solutions of D-branes on SU(2) group manifold by level truncation
approximation. Their energy agree with the expected values with good accuracy. It is expected
that the accuracy is improved if we include higher level terms. We have considered the cases
J = 1
2
, 1. It is desirable to consider the cases with larger J , though the calculation is more
cumbersome because the number of primary operators increases. We have seen that in the
limit k ! 1, J = xed, the string eld can be expressed by matrices, and by taking them
to be proportional to a projection matrix the action is written as the tachyon potential times
the trace of the projection matrix. This case can also be treated by eective action [20], but
our method can be used for investigating the case with small k.
The results show the tendency that the accuracy is improved as k increases. One of the
reason for this fact is that the dimension of the primary operators decrease and more operators
must be included for xed truncation level. Though for small k we do not always obtain very
high accuracy as that of k ! 1, there seems to be large improvement as we include more
terms with higher level. In the case of k = 4, J = 1 we cannot nd the solution corresponding
to T2. It is expected that we can nd the solution if we add higher level terms, as in the case
of k = 5.
At present it is not clear in what sense the level truncation is an approximation. Our
results seem to show it is a meaningful approximation in our case.
It is interesting to consider lump solutions of D-branes on SU(2) group manifold by BSFT.
Since the background is curved, it seems to be dicult to obtain exact results as in the case
of flat background. One of the diculty is that we must consider too many operators for
satisfying the equations of motion in contrast to the case of flat background, where we can
consider only the tachyon eld up to quadratic order in coordinates. For the large k case see
[32].
Recently the solutions corresponding to D-branes on arbitrary CFT background in vacuum
CSFT are constructed in [11]. If the relation between vacuum CSFT and ordinary CSFT
becomes clear, we can relate them to our solutions and they must agree.
We have considered the tachyon condensation. But our method can also be applicable to
the gluon condensation, by which the opposite phenomena to ours happen i.e. many D0-branes
form D2-branes [19]. It is interesting to investigate it by our method.
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A Quantum 6j-symbol








[2j3 + 1][2J + 1]
[j1]! [j2]! [j3]!

√√√√ [2J − j1]! [2J − j2]! [2J − j3]!
[2J + j1 + 1]! [2J + j2 + 1]! [2J + j3 + 1]!

√√√√ [j1 + j2 − j3]! [j2 + j3 − j1]! [j3 + j1 − j2]!





[z − j1 − j2 − j3]!
[z − j1 − 2J ]! [z − j2 − 2J ]! [z − j3 − 2J ]!
[j1 + j2 + 2J − z]! [j2 + j3 + 2J − z]! [j3 + j1 + 2J − z]!
}−1
, (A.1)
where fg is the quantum 6j-symbol and the sum ∑z0 is only over those z such that the
arguments of [  ] are nonnegative. [  ] is dened as follows.
[n] =
qn=2 − q−n=2
q1=2 − q−1=2 , (A.2)
where q = exp( 2i
k+2
), and
[n]! = [1][2]    [n], (A.3)
[0]! = 1. (A.4)
Note that the above expression of cj3j1;j2(k, J) is totally symmetric under the permutations of




We collect the cubic terms in the action needed for the calculation. These results are ap-



































































8kifabc + 4kδabT c1 − 4kδcaT b1
+4kδbcT a2 − 4kδabT c2 + 4kδcaT b3 − 4kδbcT a3
+4f badf cdeT e − 4f bcdfdaeT e1 + 4f badf cdeT e2
−4f bcdfdaeT e2 − 4f badf cdeT e3 + 4f bcdfdaeT e3
+4if badT c1T
d
1 − 4if cadT b1T d1 − if bcdT a2 T d2 + if badT d2 T c2
−4if bcdT a3 T d3 − if cadT d3 T b3 + if bcdT d1 T a2
−4if badT d1 T c2 − if badT c1T d2 + if cadT b1T d2 − if bcdT d1 T a3










































1 − 4T b1T a3 − 4T a1 T b3 + 4T b3T a3
































32ikfabc + 10kδbcT a3 − 10kδbcT a2
22
+32kδacT b3 + 32kδ
abT c3 − 32kδabT c1 − 32kδacT b1
+8f badf cdeT e3 − 8f badf cdeT e2 + 32f badf cdeT e1
−8if badT c1T d3 + 8if badT c1T d2 + 8if badT d3 T c3 − 8if badT d2 T c3
−8if cadT b1T d3 + 8if cadT b1T d2 − 32if cadT d1 T b1
−32if badT c1T d1 + 32if badT d1 T c3 + 10if bcdT d2 T a3 − 10if bcdT a2 T d2
+8if cadT d3 T
b
3 − 8if cadT d2 T b3 + 32if cadT d1 T b3
−8T c1T b1T a3 + 8T c1T b1T a2 − 8T b1T a2 T c3 + 8T b1T a3 T c3


























30kδbcT a1 − 128kδacT b3 − 128kδabT c3 + 128kδabT c1 + 128kδacT b1
−384ikfabc − 296f badf cdeT e1 − 128f badf cdeT e3 + 128f badf cdeT e2
−24if badT d1 T c1 − 40if badT d1 T c3 − 40if cadT d1 T b1
+64if cadT b1T
d
3 − 64if cadT b1T d2 + 64if badT c1T d3 − 64if badT c1T d2
−64if badT d3 T c3 + 64if badT d2 T c3 + 64if badT c1T d1
+30if bcdT a1 T
d
2 − 40if cadT d1 T b3 − 64if cadT d3 T b3 + 64if cadT d2 T b3














−12kδacT b2 − 16kδbcT a2 + 16kδbcT a3 − 16kδabT c2 + 16kδabT c1
+3if cadT b2T
d
3 − 3if cadT d2 T b2 − 16if badT d1 T c2 + 16if badT c1T d1
−12if cadT d1 T b2 + 16if bcdT a3 T d3 − 16if bcdT a2 T d3























are very long. Therefore we




































































































































































































In this appendix we collect the terms necessary for level [1,3], [2,6] and [5/2,5] calculations.
S0 consists of the terms which survive after we take the Siegel gauge condition. S1 consists of
the linear terms in t˜, u˜ and u˜a, which are excluded by Siegel gauge condition. c0 = 26− 3k
k+2
is




































































































































































































































































































S1 = h,i t˜(T aua)












































































































































k = 2 k = 3 k = 4 k = 5 k = 6 k = 10
t0 0.148148 0.185509 0.200773 0.209003 0.214017 0.222462
t1 0.320432 0.365167 0.381268 0.388789 0.392766 0.397736p
ku01 0 5.75964  10−17 −2.03876  10−17 −3.67281  10−17 −5.11186  10−17 4.42203  10−17p
ku10 0 −0.0369521 −0.0484596 −0.0543740 −0.0575099 −0.0596719p
ku11 0 0 0 0 0 0p
ku12 0 −0.0653227 −0.0685322 −0.0672844 −0.0650648 −0.0562591
R
[2,6]
1 0.579453 0.601173 0.614265 0.624007 0.631416 0.648764
k = 50 k = 1000 k = 100000 k = 100000000
t0 0.227971 0.228099 0.228089 0.228089
t1 0.39684 0.395169 0.395063 0.395062p
ku01 7.93084  10−18 6.65144  10−16 2.52803  10−15 −6.73216  10−14p
ku10 −0.0382045 −0.00932628 −0.000936929 −0.0000296296p
ku11 0 0 0 0p
ku12 −0.0286686 −0.00661447 −0.000662529 −0.0000209513
R
[2,6]
1 0.675916 0.684152 0.684611 0.684616
Table 1: T [2;6]1 and R[2;6]1 (J = 1/2)
k = 4 k = 5 k = 6 k = 7 k = 8 k = 10
t0 0.258107 0.27399 0.280901 0.286079 0.289726 0.294389
t1 0.360168 0.352909 0.349867 0.346261 0.343223 0.338634
t2 −0.158304 −0.196357 −0.210897 −0.221076 −0.227766 −0.235527p
ku01 −9.72804  10−11 −9.55096  10−18 2.08702  10−17 1.83944  10−17 1.08632  10−18 1.40400  10−17p
ku10 −2.45936  10−9 −0.0216722 −0.0298519 −0.0344495 −0.0372043 −0.0399092p
ku11 0 0 0 0 0 0p
ku12 −3.45812  10−9 −0.0268181 −0.0337738 −0.0365391 −0.0375822 −0.0376270p
ku21 0 0.0171184 0.0249579 0.0302724 0.0340421 0.0387376p
ku22 0 0 0 0 0 0p
ku23 0 0.0372721 0.0458503 0.0494348 0.0509581 0.0513974
R
[2,6]
1 0.67064 0.656018 0.648754 0.648206 0.649353 0.652857
k = 50 k = 1000 k = 100000 k = 100000000
t0 0.303815 0.304131 0.304119 0.304119
t1 0.324627 0.322641 0.322567 0.322567
t2 −0.243488 −0.240632 −0.240429 −0.240427p
ku01 −4.04713  10−17 −8.12139  10−17 1.79546  10−15 −1.37752  10−16p
ku10 −0.0299926 −0.00759889 −0.000764983 −0.0000241925p
ku11 0 0 0 0p
ku12 −0.0225064 −0.00538937 −0.000540939 −0.0000171067p
ku21 0.0351798 0.00928736 0.000936888 0.0000296296p
ku22 0 0 0 0p
ku23 0.0317163 0.00762109 0.000765006 0.0000241925
R
[2,6]
1 0.676028 0.684152 0.684611 0.684616
Table 2: T [2;6]1 and R[2;6]1 (J = 1)
26
k = 4 k = 5 k = 6 k = 7 k = 8 k = 10
t0 0.0816382 0.102873 0.115138 0.123276 0.133189
t1 0.161194 0.230157 0.258811 0.27566 0.29424
t2 0.288496 0.283243 0.279293 0.2752 0.268238p
ku01 −2.92522  10−17 1.52745  10−17 3.35243  10−18 −3.21793  10−18 −1.54667  10−17p
ku10 −0.0906831 −0.0861704 −0.0844246 −0.0827142 −0.0794370p
ku11 0 0 0 0 0p
ku12 −0.112214 −0.0974907 −0.0895457 −0.0835540 −0.0748938p
ku21 −0.00399811 −0.00923793 −0.0125176 −0.0147493 −0.0174074p
ku22 0 0 0 0 0p
ku23 −0.00870517 −0.0169712 −0.0204412 −0.0220783 −0.0230962
R
[2,6]
2 0.460292 0.563618 0.589081 0.603074 0.619284
k = 50 k = 1000 k = 100000 k = 100000000
t0 0.151627 0.152091 0.15206 0.152059
t1 0.322597 0.322644 0.322567 0.322567
t2 0.244549 0.240599 0.240429 0.240427p
ku01 4.16731  10−17 7.71083  10−16 −2.70688  10−15 −1.03728  10−15p
ku10 −0.0475205 −0.0115869 −0.00116351 −0.0000570216p
ku11 0 0 0 0p
ku12 −0.0356593 −0.00821778 −0.000822749 −0.0000403204p
ku21 −0.0165016 −0.00443557 −0.000448828 0.0000105777p
ku22 0 0 0 0p
ku23 −0.0148770 −0.00363978 −0.000366486 8.63666  10−6
R
[2,6]
2 0.668068 0.683691 0.684607 0.684616
Table 3: T [2;6]2 and R[2;6]2 (J = 1)
27
k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10
t0 0.182129 0.225759 0.242631 0.251724 0.25716 0.260658 0.263032 0.26471 0.265934
t1 0.36068 0.426136 0.445349 0.454849 0.460191 0.46345 0.465557 0.466977 0.467967p
ku0,1 0 0.0124587 0.00358094 0.00187705 0.00120394 0.00085194 0.000638823 0.000497805 0.000399083p
ku1,0 0 −0.0362956 −0.057079 −0.0655588 −0.0697306 −0.0717213 −0.0724835 −0.0725181 −0.0721097p
ku1,1 0 0 0 0 0 0 0 0 0p
ku1,2 0 −0.0934329 −0.0890626 −0.085463 −0.0816555 −0.0780169 −0.0746705 −0.0716331 −0.0688848p
kv0,1 0 0 0 0 0 0 0 0 0p
kv1,0 0 0 0 0 0 0 0 0p
kv1,1 −0.0416215 −0.0373648 −0.0378112 −0.0383651 −0.0386618 −0.0387178 −0.0385935 −0.0383426p
kv1,2 0 0 0 0 0 0 0 0
kv0,1,0 −0.0032832 −0.00588747 −0.0101722 −0.012695 −0.0144098 −0.0156477 −0.016579 −0.0173019 −0.0178773
kv0,1,1 0 0 0 0 0 0 0 0 0
kv0,1,2 0.015965 0.0106885 0.00825364 0.0066016 0.00549079 0.00469881 0.00410654 0.003647 0.00327999
kv1,0,1 −0.048801 −0.0385105 −0.0395883 −0.0422954 −0.0452372 −0.0480562 −0.0506541 −0.0530145
kv1,1,0 0 0 0 0 0 0 0 0
kv1,1,1 0.0485517 0.038505 0.0393737 0.0418666 0.0446333 0.0473165 0.0498103 0.0520912
kv1,1,2 0 0 0 0 0 0 0 0
kv1,2,1 0.0312945 0.0247845 0.025381 0.0270238 0.0288359 0.0305873 0.032211 0.0336933
kv1,2,2 0 0 0 0 0 0 0 0
kv1,2,3 0.00641082 0.0067976 0.0065752 0.00613662 0.00567264 0.00523985 0.0048518 0.00450837
β0 −0.06644 −0.0776835 −0.0825814 −0.085021 −0.0863635 −0.0871489 −0.0876249 −0.0879181 −0.0880984
β1 −0.0609899 −0.0736911 −0.083145 −0.0904823 −0.0963519 −0.101159 −0.10517 −0.108569
w0 0.0252397 0.0263729 0.0274827 0.0279216 0.0280881 0.02813 0.028111 0.0280617 0.0279978
w1 0.0186859 0.0223821 0.025152 0.0273088 0.0290367 0.0304532 0.0316362 0.0326396
R
[5/2,5]
1 0.751672 0.821284 0.838754 0.853024 0.864079 0.872784 0.879797 0.885567 0.890403
k = 50 k = 1000 k = 100000 k = 100000000
t0 0.27083 0.270809 0.270796 0.270795
t1 0.470276 0.469119 0.469032 0.469031p
ku0,1 0.0000116695 7.84482  10−9 6.93279  10−14 4.38356  10−7p
ku1,0 −0.0445576 −0.0106754 −0.00107121 −0.0000334374p
ku1,1 0 0 0 0p
ku1,2 −0.0334611 −0.00757131 −0.000757483 −0.0000245737p
kv0,1 0 0 0 0p
kv1,0 0 0 0 0p
kv1,1 −0.0249031 −0.00614266 −0.00061746 −0.0000195268p
kv1,2 0 0 0 0
kv0,1,0 −0.0217152 −0.0224384 −0.0224725 −0.0224728
kv0,1,1 0 0 0 0
kv0,1,2 0.00064918 0.0000321639 3.21426  10−7 3.35187  10−10
kv1,0,1 −0.0801125 −0.0902368 −0.0908171 −0.0908230
kv1,1,0 0 0 0 0
kv1,1,1 0.078991 0.0892917 0.0898854 0.0898914
kv1,1,2 0 0 0 0
kv1,2,1 0.0510425 0.0576411 0.0580209 0.580248
kv1,2,2 0 0 0 0
kv1,2,3 0.00111353 0.0000581099 5.82313  10−7 5.91053  10−10
β0 −0.0874818 −0.0866824 −0.0866323 −0.0866318
β1 −0.139739 −0.149504 −0.150045 −0.150051
w0 0.0266379 0.0259881 0.0259497 0.0259494
w1 0.0418775 0.0447829 0.044944 0.0449456
R
[5/2,5]
1 0.93371 0.947746 0.948545 0.948553
Table 4: T [5=2;5]1 and R[5=2;5]1 (J = 1/2)
28
k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10
t0 0.314788 0.331704 0.338216 0.343281 0.346835 0.349408 0.351321
t1 0.41735 0.409288 0.407187 0.404102 0.401494 0.399346 0.397583
t2 −0.184485 −0.225581 −0.239889 −0.249824 −0.256177 −0.260388 −0.263254p
ku0,1 1.02888  10−15 0.000889899 0.000605516 0.000407051 0.000286384 0.000210621 0.000160798p
ku1,0 1.08749  10−15 −0.0252814 −0.0350701 −0.0406004 −0.0439127 −0.0459348 −0.0471537p
ku1,1 0 0 0 0 0 0 0p
ku1,2 −1.55042  10−15 −0.0338029 −0.0413802 −0.0442018 −0.0451556 −0.0452445 −0.0449002p
ku2,1 −5.77304  10−16 0.0211377 0.0308004 0.0372146 0.0416885 0.0448659 0.0471382p
ku2,2 0 0 0 0 0 0 0p
ku2,3 7.13522  10−16 0.0479757 0.0578942 0.0616537 0.0630256 0.0632565 0.0628917p
kv0,1 0 0 0 0 0 0 0p
kv1,0 0 0 0 0 0 0 0p
kv1,1 −0.0417624 −0.0362672 −0.0336249 −0.0319554 −0.0307608 −0.0298178 −0.0290239p




kv0,1,0 −0.01387752 −0.0172971 −0.0194408 −0.021064 −0.022311 −0.0232982 −0.0240986
kv0,1,1 0 0 0 0 0 0 0
kv0,1,2 0.00899444 0.00757175 0.00645066 0.00563377 0.00500638 0.00450982 0.00410681
kv1,0,1 −0.068786 −0.0607325 −0.0568655 −0.0548976 −0.0539287 −0.0534971 −0.0533688
kv1,1,0 0 0 0 0 0 0 0
kv1,1,1 0.069336 0.0623375 0.0586612 0.0566855 0.0556311 0.0550894 0.0548466
kv1,1,2 0 0 0 0 0 0 0
kv1,2,1 0.0445292 0.0398361 0.0374356 0.0361654 0.0355021 0.0351731 0.0350373
kv1,2,2 0 0 0 0 0 0 0










β0 −0.105789 −0.110894 −0.112718 −0.114132 −0.115101 −0.115783 −0.116275
β1 −0.0669474 −0.0721441 −0.0770841 −0.0807792 −0.0837999 −0.0863316 −0.0884924
β2
w0 0.0346485 0.0359941 0.0363952 0.0367119 0.0369176 0.0370535 0.0371441




1 0.933395 0.908232 0.894435 0.891439 0.891457 0.892623 0.894206
29
k = 12 k = 14 k = 17 k = 50 k = 1000 k = 100000 k = 100000000
t0 0.355306 0.357005 0.358529 0.361078 0.361079 0.361061 0.361061
t1 0.393787 0.391735 0.389663 0.384585 0.383032 0.382963 0.382962
t2 −0.278162 −0.281215 −0.283798 −0.286995 −0.285579 −0.285445 −0.285443p
ku0,1 0.000138589 0.000111494 0.0000830053 0.0000109995 9.38782  10−9 1.00141  10−13 2.95267  10−8p
ku1,0 −0.0493389 −0.0493019 −0.0483803 −0.0353295 −0.00870582 −0.000874628 −0.0000276233p
ku1,1 0 0 0 0 0 0 0p
ku1,2 −0.0447839 −0.0432117 −0.0408498 −0.0265403 −0.00617445 −0.000618474 −0.0000196093p
ku2,1 0.0515573 0.0528416 0.0532301 0.0418617 0.0106457 0.00107118 0.0000338463p
ku2,2 0 0 0 0 0 0 0p
ku2,3 0.0634499 0.0613673 0.0581311 0.0377635 0.00873577 0.000874658 0.0000276956p
kv0,1 0 0 0 0 0 0 0p
kv1,0 0 0 0 0 0 0 0p
kv1,1 −0.0304986 −0.0295192 −0.0282152 −0.019975 −0.00500974 −0.000504147 −0.0000159482p
kv1,2 0 0 0 0 0 0 0p
kv2,1 0 0 0 0 0 0 0p
kv2,2 0.0197379 0.0215403 0.0231784 0.0224966 0.00642606 0.000650809 0.0000205775p
kv2,3 0 0 0 0 0 0 0
kv0,1,0 −0.0247824 −0.0255961 −0.0264488 −0.0289154 −0.0299178 −0.0299633 −0.0299637
kv0,1,1 0 0 0 0 0 0 0
kv0,1,2 0.00345395 0.00298358 0.00247767 0.000860433 0.0000428906 4.28569  10−7 4.28666  10−10
kv1,0,1 −0.0561326 −0.0570219 −0.058401 −0.0665359 −0.0736984 −0.0741519 −0.0741946
kv1,1,0 0 0 0 0 0 0 0
kv1,1,1 0.0574638 0.0581291 0.0592386 0.0663568 0.0729662 0.0733916 0.0734289
kv1,1,2 0 0 0 0 0 0 0
kv1,2,1 0.0367481 0.0372163 0.0379787 0.0427422 0.0470952 0.0473741 0.0474194
kv1,2,2 0 0 0 0 0 0 0
kv1,2,3 −0.00117633 −0.000764075 −0.000410992 0.000105204 0.0000119647 1.23327  10−7 1.25443  10−10
kv2,1,0 −0.00106331 −0.00127834 −0.00143850 −0.00108355 −0.0000752970 −7.65221  10−7 −7.62379  10−10
kv2,1,1 0 0 0 0 0 0 0
kv2,1,2 0.0185435 0.0249567 0.0332872 0.0730424 0.104021 0.105919 0.105885
kv2,2,1 0 0 0 0 0 0 0
kv2,2,2 −0.00888098 −0.0122799 −0.0166614 −0.0374381 −0.0536953 −0.0546959 −0.0546833
kv2,2,3 0 0 0 0 0 0 0
kv2,3,2 −0.0137015 −0.0186574 −0.0250729 −0.0556006 −0.0794333 −0.0808965 −0.0808575
kv2,3,3 0 0 0 0 0 0 0
kv2,3,4 −0.00632142 −0.00589583 −0.00527583 −0.00223821 −0.000122223 −1.22723  10−6 −1.23027  10−9
β0 −0.116649 −0.116923 −0.11709 −0.116564 −0.115576 −0.115510 −0.115509
β1 −0.0934840 −0.0964424 −0.0998803 −0.113246 −0.122002 −0.122511 −0.122516
β2 0.0378906 0.043247 0.0495507 0.0742366 0.0903689 0.0913084 0.0913180
w0 0.0365577 0.0364844 0.0363524 0.0354623 0.0346507 0.0345997 0.0345991
w1 0.0267857 0.0277387 0.0288614 0.0333927 0.0365112 0.0366961 0.0366979
w2 −0.0119448 −0.0135931 −0.0154986 −0.0226491 −0.0270963 −0.0273504 −0.0273530
R
[5/2,5]
1 0.904861 0.908966 0.913995 0.934266 0.947748 0.948545 0.948553
Table 5: T [5=2;5]1 and R[5=2;5]1 (J = 1)
30
k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10
t0 0.108574 0.130853 0.143935 0.152574 0.158614 0.163012
t1 0.216655 0.282623 0.311856 0.329479 0.341154 0.34935
t2 0.306499 0.30633 0.305413 0.303459 0.301319 0.299306p
ku0,1 −0.0000180229 0.000129681 0.000184364 0.000191436 0.000180074 0.000162688p
ku1,0 −0.114929 −0.108674 −0.106245 −0.103925 −0.101672 −0.0994938p
ku1,1 0 0 0 0 0 0p
ku1,2 −0.142204 −0.123077 −0.112891 −0.105201 −0.0990687 −0.0940038p
ku2,1 −0.00429864 −0.0104174 −0.0143277 −0.0170257 −0.0189278 −0.0202891p
ku2,2 0 0 0 0 0 0p
ku2,3 −0.00933469 −0.0193081 −0.0236304 −0.0257211 −0.0267095 −0.0271114p
kv0,1 0 0 0 0 0 0p
kv1,0 0 0 0 0 0 0p
kv1,1 −0.0166421 −0.0234621 −0.0269938 −0.0291172 −0.030423 −0.0312168p




kv0,1,0 0.00174226 −0.00215824 −0.00455361 −0.00627619 −0.00757253 −0.00858088
kv0,1,1 0 0 0 0 0 0
kv0,1,2 0.0119636 0.00937116 0.00786394 0.00678458 0.00597277 0.00533992
kv1,0,1 −0.0136868 −0.0208768 −0.0261862 −0.030628 −0.0344043 −0.0376524
kv1,1,0 0 0 0 0 0 0
kv1,1,1 0.0116287 0.0186019 0.0239239 0.0283927 0.0321994 0.0354798
kv1,1,2 0 0 0 0 0 0
kv1,2,1 0.00785285 0.0123799 0.0158031 0.0186746 0.0211193 0.023225
kv1,2,2 0 0 0 0 0 0










β0 −0.0399187 −0.0468744 −0.0508617 −0.0534163 −0.0551511 −0.0563783
β1 −0.0428108 −0.0593731 −0.0688178 −0.0756665 −0.0809683 −0.0852303
β2
w0 0.0152634 0.0170702 0.0180734 0.0186733 0.0190507 0.0192958




2 0.697985 0.787555 0.809146 0.822861 0.833042 0.841123
31
k = 12 k = 14 k = 17 k = 50 k = 1000 k = 100000 k = 100000000
t0 0.169426 0.172746 0.175698 0.180675 0.180581 0.180531 0.180530
t1 0.361366 0.367315 0.372586 0.382136 0.382989 0.382963 0.382962
t2 0.295594 0.293978 0.292218 0.287398 0.285544 0.285444 0.285443p
ku0,1 0.000220801 0.000176212 0.000128004 0.0000149582 1.19311  10−8 1.12789  10−13 −1.44719  10−8p
ku1,0 −0.100828 −0.0967899 −0.0914015 −0.0606565 −0.0144187 −0.00144609 −0.0000457406p
ku1,1 0 0 0 0 0 0 0p
ku1,2 −0.0910103 −0.0844522 −0.0769076 −0.0455348 −0.0102262 −0.00102257 −0.0000323221p
ku2,1 −0.0174166 −0.0180781 −0.0183917 −0.0146409 −0.00369371 −0.000371329 −0.0000117476p
ku2,2 0 0 0 0 0 0 0p
ku2,3 −0.0216297 −0.0211472 −0.0201924 −0.0132189 −0.00303102 −0.000303204 −9.58324  10−6p
kv0,1 0 0 0 0 0 0 0p
kv1,0 0 0 0 0 0 0 0p
kv1,1 −0.0289082 −0.0288156 −0.0282087 −0.0204471 −0.00501921 −0.000504157 −0.0000159397p
kv1,2 0 0 0 0 0 0 0p
kv2,1 0 0 0 0 0 0 0p
kv2,2 −0.024225 −0.0251935 −0.0259052 −0.0228624 −0.00642731 −0.000650811 −0.0000205863p
kv2,3 0 0 0 0 0 0 0
kv0,1,0 −0.0093589 −0.0103545 −0.0113574 −0.0140093 −0.0149428 −0.0149815 −0.0149819
kv0,1,1 0 0 0 0 0 0 0
kv0,1,2 0.00466621 0.00396889 0.00324558 0.00108347 0.0000532027 5.31205  10−7 5.31116  10−10
kv1,0,1 −0.0414168 −0.0451461 −0.0494101 −0.0648339 −0.0736724 −0.0741517 −0.0741255
kv1,1,0 0 0 0 0 0 0 0
kv1,1,1 0.0389862 0.0428163 0.0472180 0.0633867 0.0728707 0.0733907 0.0733690
kv1,1,2 0 0 0 0 0 0 0
kv1,2,1 0.025528 0.0279752 0.0307837 0.0410573 0.0470461 0.0473736 0.0473422
kv1,2,2 0 0 0 0 0 0 0
kv1,2,3 0.0053121 0.0046877 0.0039728 0.00145488 0.0000742872 7.43245  10−7 7.42587  10−10
kv2,1,0 −0.00459930 −0.00424815 −0.00380153 −0.00172786 −0.000101270 −1.02111  10−6 −1.02082  10−9
kv2,1,1 0 0 0 0 0 0 0
kv2,1,2 −0.0334439 −0.0390379 −0.0459434 −0.0779293 −0.104242 −0.105921 −0.105969
kv2,2,1 0 0 0 0 0 0 0
kv2,2,2 0.0107035 0.0140437 0.0181942 0.0376032 0.0536692 0.0546957 0.0547196
kv2,2,3 0 0 0 0 0 0 0
kv2,3,2 0.0211825 0.0257547 0.0314171 0.0577668 0.0795089 0.0808974 0.0809434
kv2,3,3 0 0 0 0 0 0 0
kv2,3,4 0.00118433 0.00113442 0.00104673 0.00049862 0.0000293805 2.96340  10−7 2.96127  10−10
β0 −0.0575724 −0.0583195 −0.0588883 −0.0589482 −0.0578371 −0.0577554 −0.0577546
β1 −0.090402 −0.0947988 −0.0995262 −0.114572 −0.122119 −0.122512 −0.122519
β2 −0.0379856 −0.0429174 −0.0487671 −0.072916 −0.0902554 −0.0913073 −0.0913180
w0 0.0191403 0.0191689 0.0191142 0.0182665 0.0173586 0.0173002 0.0172996
w1 0.0285543 0.029739 0.0309979 0.0348483 0.0366107 0.0366971 0.0366979
w2 0.0103462 0.0119149 0.0137721 0.0214459 0.0270102 0.0273496 0.0273530
R
[5/2,5]
2 0.861307 0.870218 0.88037 0.919601 0.946874 0.948536 0.948553
Table 6: T [5=2;5]2 and R[5=2;5]2 (J = 1)
32
k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8
t˜0 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
t˜1 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
u˜0 linear −0.115553 −0.096259 −0.0996669 −0.0999901 −0.0994142 −0.0985275 −0.0975507
quadratic 0.0801271 0.0760034 0.0774179 0.0773437 0.0767866 0.0760797 0.075348
sum −0.0354259 −0.0202556 −0.022249 −0.0226464 −0.0226276 −0.0224478 −0.0222027
sum/linear 0.306577 0.210428 0.223234 0.226486 0.227609 0.227833 0.227602
u˜1 linear −0.0449295 −0.0409692 −0.040177 −0.0399862 −0.0399995 −0.040098
quadratic 0.0328215 0.0327684 0.032912 0.0330957 0.0332766 0.0334437
sum −0.012108 −0.0082008 −0.007265 −0.0068905 −0.0067229 −0.0066543
sum/linear 0.269489 0.20017 0.180825 0.172322 0.168075 0.165951p
ku˜0,0 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0p
ku˜1,0 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0p
ku˜1,1 linear 0.00395757 0.00316496 0.00326707 0.00337508 0.00344044 0.00347031
quadratic −0.00223712 −0.00176369 −0.00143251 −0.0011936 −0.00101502 −0.000877389p
ku˜1,2 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0
k = 9 k = 10 k = 50 k = 1000 k = 100000 k = 100000000
t˜0 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0
t˜1 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0
u˜0 linear −0.0965762 −0.0956433 −0.0830391 −0.0777582 −0.0774489 −0.0774462
quadratic 0.0746406 0.0739763 0.065545 0.0621793 0.0619843 0.0619821
sum −0.0219356 −0.021667 −0.0174941 −0.0155789 −0.0154646 −0.0154641
sum/linear 0.227133 0.22654 0.210673 0.200351 0.199675 0.199675
u˜1 linear −0.0402346 −0.040387 −0.0432225 −0.0446278 −0.0447131 −0.0447136
quadratic 0.0335948 0.0337304 0.0352303 0.035756 0.0357852 0.0357854
sum −0.0066398 −0.0066566 −0.0079922 −0.0088718 −0.0089279 −0.0089282
sum/linear 0.165027 0.16482 0.184908 0.198795 0.199671 0.199675p
ku˜0,0 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0p
ku˜1,0 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0p
ku˜1,1 linear 0.0034751 0.0001095 0.00222367 0.000537711 0.000053975 1.70688  10−6
quadratic −0.0007686 −0.00068081 −0.0000830692 −1.01643  10−6 −9.95555  10−10 −3.22551  10−14p
ku˜1,2 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0
Table 7: The values of the equations of motion of t˜, u˜ and u˜a for T [5=2;5]1 (J = 1/2)
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k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10
t˜0 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
t˜1 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
t˜2 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
u˜0 linear −0.122452 −0.126636 −0.127711 −0.128512 −0.128968 −0.129225 −0.129358
quadratic 0.0953565 0.0973952 0.097417 0.0974845 0.0974351 0.0973243 0.0971819
sum −0.0270955 −0.0292408 −0.030294 −0.0310275 −0.0315329 −0.0319007 −0.0321761
sum/linear 0.221274 0.230904 0.237207 0.241437 0.244502 0.246862 0.248737
u˜1 linear −0.0343375 −0.0297219 −0.0277301 −0.0263031 −0.0252966 −0.0245495 −0.0239751
quadratic 0.0201982 0.0194408 0.0178695 0.0173807 0.0169976 0.0221006 0.0219371
sum −0.0141393 −0.0102811 −0.0098606 −0.0089224 −0.008299 −0.0024489 −0.002038
sum/linear 0.411774 0.34591 0.355592 0.339215 0.328068 0.0997536 0.0850049
u˜2 linear
quadraticp
ku˜0,1 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0p
ku˜1,0 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0p
ku˜1,1 linear −0.00108766 −0.0013597 −0.00123209 −0.000999576 −0.000786557 −0.00060636 −0.000457082
quadratic −0.0021537 −0.00173246 −0.00143638 −0.00122214 −0.00106054 −0.00008257 −0.000011728p
ku˜1,2 linear 0 0 0 0 0 0 0







k = 12 k = 14 k = 17 k = 50 k = 1000 k = 100000 k = 100000000
t˜0 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
t˜1 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
t˜2 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
u˜0 linear −0.124279 −0.119976 −0.118333 −0.110253 −0.103677 −0.103266 −0.103262
quadratic 0.0939498 0.0936305 0.0925177 0.0871328 0.0829048 0.0826455 0.0826428
sum −0.0303292 −0.0263455 −0.0258153 −0.0231202 −0.0207722 −0.0206205 −0.0206192
sum/linear 0.244041 0.21959 0.218158 0.209701 0.200355 0.199683 0.199678
u˜1 linear −0.0307889 −0.0300733 −0.0304782 −0.033354 −0.0363096 −0.0365065 −0.0365085
quadratic 0.0243392 0.0248842 0.0252412 0.0272825 0.0291017 0.0292175 0.0292186
sum −0.0064497 −0.0051891 −0.005237 −0.0060715 −0.0072079 −0.007289 −0.0072899
sum/linear 0.209481 0.172548 0.171828 0.182032 0.198512 0.199663 0.199677
u˜2 linear 0.0119620 0.0127145 0.0133954 0.0153322 0.0162758 0.0163266 0.0163271
quadratic −0.0122473 −0.0129385 −0.011892 −0.0130049 −0.0130764 −0.0130671 −0.013067
sum −0.0002853 −0.000224 0.0015034 0.0023273 0.0031994 0.0032595 0.0032601
sum/linear −0.0238505 −0.0176177 0.112233 0.151792 0.196574 0.199644 0.199674p
ku˜0,1 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0p
ku˜1,0 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0p
ku˜1,1 linear 0.00236956 0.00144474 0.00159835 0.0015727 0.000436163 0.000044067 1.39366  10−6
quadratic −0.000292312 −0.000235668 −0.000180359 −0.0000377101 −4.22556  10−7 −4.22259  10−10 −1.33525  10−14p
ku˜1,2 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0p
ku˜2,1 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0p
ku˜2,2 linear −0.00234631 −0.00180218 −0.00178822 −0.00135708 −0.000339651 −0.0000341358 −1.07953  10−6
quadratic 0.000918385 0.000782397 0.000634075 0.000168119 2.23462  10−6 2.25649  10−9 7.13634  10−14p
ku˜2,3 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
Table 8: The values of the equations of motion of t˜, u˜ and u˜a for T [5=2;5]1 (J = 1)
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k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10
t˜0 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0
t˜1 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0
t˜2 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0
u˜0 linear −0.0592968 −0.0658236 −0.0691706 −0.0709667 −0.0719414 −0.0724533
quadratic 0.0479373 0.0522838 0.0544314 0.0555162 0.0560578 0.0563016
sum −0.0113595 −0.0135398 −0.0147392 −0.0154505 −0.0158836 −0.0161517
sum/linear 0.19157 0.205698 0.213085 0.217715 0.220785 0.222926
u˜1 linear −0.0269091 −0.03365 −0.0363017 −0.0378647 −0.03892 −0.0396928
quadratic 0.0277842 0.0337662 0.0361454 0.0375423 0.0317393 0.0322759
sum 0.0008751 0.0001162 −0.0001563 −0.0003224 −0.0071807 −0.0074169
sum/linear −0.0325206 −0.00345319 0.00430558 0.00851453 0.184499 0.186858
u˜2 linear
quadraticp
ku˜0,1 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0p
ku˜1,0 linear 0 0 0 0 0 0
quadratic 0 0 0 0 0 0p
ku˜1,1 linear 0.000771072 0.00222674 0.00311876 0.00363842 0.00395313 0.0041485
quadratic −0.000322998 −0.000396918 −0.000395812 −0.000374473 −0.00127216 −0.00122043p
ku˜1,2 linear 0 0 0 0 0 0







k = 12 k = 14 k = 17 k = 50 k = 1000 k = 100000 k = 100000000
t˜0 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
t˜1 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
t˜2 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
u˜0 linear −0.0677078 −0.0670125 −0.0658376 −0.0585395 −0.0520464 −0.051635 −0.0516308
quadratic 0.0534401 0.052787 0.0517889 0.0462182 0.041609 0.0413243 0.0413214
sum −0.0142677 −0.0142255 −0.0140487 −0.0123213 −0.0104374 −0.0103107 −0.0103094
sum/linear 0.210725 0.212281 0.213384 0.210478 0.20054 0.199684 0.199675
u˜1 linear −0.0368546 −0.0370745 −0.0372371 −0.0371631 −0.0365589 −0.036509 −0.0365085
quadratic 0.0305126 0.0306218 0.0306575 0.0301119 0.0292786 0.0292193 0.0292186
sum −0.006342 −0.0064527 −0.0065796 −0.0070512 −0.0072803 −0.0072897 −0.0072899
sum/linear 0.172082 0.174047 0.176695 0.189737 0.199139 0.199669 0.199677
u˜2 linear −0.00922363 −0.00984824 −0.0105588 −0.0135921 −0.0161567 −0.0163254 −0.0163271
quadratic 0.0067855 0.00717768 0.0093856 0.011643 0.0129895 0.0130662 0.0130670
sum −0.00243813 −0.00267056 −0.0011732 −0.0019491 −0.0031672 −0.0032592 −0.0032601
sum/linear 0.264335 0.271171 0.111111 0.143399 0.19603 0.19964 0.199674p
ku˜0,1 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0p
ku˜1,0 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0p
ku˜1,1 linear 0.00249842 0.00257273 0.00257823 0.00188571 0.000440709 0.0000440714 1.39366  10−6
quadratic −0.000686175 −0.000585444 −0.000473995 −0.000124947 −1.66320  10−6 −1.67990  10−9 −5.31279  10−14p
ku˜1,2 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0p
ku˜2,1 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0p
ku˜2,2 linear 0.00147773 0.00148346 0.00147774 0.00122804 0.000337650 0.0000341339 1.07953  10−6
quadratic −0.000511527 −0.00043652 −0.000354255 −0.0000952753 −1.28726  10−6 −1.30123  10−9 −4.11527  10−14p
ku˜2,3 linear 0 0 0 0 0 0 0
quadratic 0 0 0 0 0 0 0
Table 9: The values of the equations of motion of t˜, u˜ and u˜a for T [5=2;5]2 (J = 1)
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